Abstract. Let C be an algebraic curve of genus g ≥ 2. A coherent system on C consists of a pair (E, V ), where E is an algebraic vector bundle over C of rank n and degree d and V is a subspace of dimension k of the space of sections of E. The stability of the coherent system depends on a parameter α. We study the geometry of the moduli space of coherent systems for 0 < d ≤ 2n. We show that these spaces are irreducible whenever they are non-empty and obtain necessary and sufficient conditions for non-emptiness.
Introduction
Let C be a smooth projective algebraic curve of genus g ≥ 2. A coherent system on C of type (n, d, k) is a pair (E, V ), where E is a vector bundle on C of rank n and degree d and V is a linear subspace of the space of sections H 0 (E) of dimension k. Introduced in [9] , [18] and [13] , there is a notion of stability for coherent systems which permits the construction of moduli spaces. This notion depends on a real parameter α, and thus leads to a family of moduli spaces. As described in [3] , there is a useful relation between these moduli spaces and the Brill-Noether loci in the moduli spaces of semistable bundles of rank n and degree d.
In [6] we began a systematic study of the coherent systems moduli spaces, partly with a view to applications in higher rank Brill-Noether theory. This study has been continued in [5] , where we have obtained substantial new information about the geometry and topology of the moduli spaces for k ≤ n.
For k > n, much less is known (but see [19] and, for the case k = n + 1, [7] and [2] ). This case, however, is of considerable interest, not only in its own right, but also because it is linked with Quot-schemes and with morphisms of C into Grassmannians. The latter connection is a direct generalisation of the classical link between linear systems and morphisms to projective space; coherent systems therefore have an important part to play in understanding the projective geometry of C.
In the present paper, we consider coherent systems with d ≤ 2n. Our results are essentially a generalisation and extension of those of [4, 14, 15] . More precisely, we show that the moduli spaces of α-stable coherent systems are irreducible whenever they are non-empty and obtain necessary and sufficient conditions for non-emptiness. Even for Brill-Noether loci, the irreducibility result is stronger than those previously known. The condition for non-emptiness is identical with that for Brill-Noether loci except when C is hyperelliptic, d = 2n and k > n. The methods are generally similar to those of [4, 14, 15] , except that we make essential use of extensions of coherent systems (rather than simply extensions of bundles). In particular, at crucial points in the proof of irreducibility and, in the hyperelliptic case, that of non-emptiness, we use the methods of [6] to estimate dimensions of spaces of extensions. Some of the estimates are quite delicate and require careful use of these methods. We also make use of some of the results of [5] to handle the case k ≤ n, although the present paper can be read independently of [5] .
In order to give full statements of our main results, we need to outline some definitions and notations (for more details, see section 2). We denote by G(α; n, d, k) the moduli space of α-stable coherent systems of type (n, d, k), where α ∈ R is a parameter (with the necessary conditions d > 0, α > 0 and α(n − k) < d for non-emptiness of G(α; n, d, k)), and by B(n, d, k) the Brill-Noether locus of stable bundles of rank n and degree d with h 0 (E) ≥ k. We write β(n, d, k) for the "expected dimension" of G(α; n, d, k), namely β(n, d, k) = n 2 (g − 1) + 1 − k(k − d + n(g − 1)).
Note that the data for defining a coherent system (E, V ) can also be expressed as an
where D and F are vector bundles, T is a torsion sheaf and h 0 (D * ) = 0. A coherent system (E, V ) is said to be generated if F and T are both zero. Finally, we define U(n, d, k) and U s (n, d, k) by U(n, d, k) := {(E, V ) : E is stable and (E, V ) is α-stable for α > 0, α(n − k) < d} and U s (n, d, k) := {(E, V ) : (E, V ) is α-stable for α > 0, α(n − k) < d} (see section 5 for further details). Clearly U(n, d, k) ⊂ U s (n, d, k).
We can now state our main results. 
where T is a torsion sheaf; (c) if k > n, the generic element of G(α; n, d, k) has the form
i.e. (E, V ) is generated; (d) dim G(α; n, d, k) = β(n, d, k) except when C is hyperelliptic and (n, d, k) = (n, 2n, n + 1) with n < g − 1.
Theorem 5. 4 . Suppose that C is non-hyperelliptic of genus g ≥ 3, n ≥ 2 and 0 < d ≤ 2n. Then U(n, d, k) = ∅ if and only if either
). In all other cases,
In all other cases,
The case n = 1 is omitted from the last two statements since the results then need modifying; of course this case is very simple.
The contents of the paper are as follows. In section 2, we give definitions and notations together with some basic facts which we shall need. In section 3, we generalise the results of [4, 14, 15 ] to obtain a necessary condition for the existence of α-stable coherent systems. Section 4 is devoted to a proof of irreducibility (Theorem 4.4). In section 5, we state our results on non-emptiness separately for C non-hyperelliptic (Theorem 5.4) and for C hyperelliptic (Theorem 5.5); the proofs for C non-hyperelliptic are included. In the lengthy section 6 we prove Theorem 5.5; this requires some delicate constructions using the methods of [6] . Finally section 7 contains an example with d > 2n to show that the situation can then be more complicated.
We suppose throughout that C is a smooth projective algebraic curve of genus g ≥ 2 defined over the complex numbers. The cases g = 0 and g = 1 have been investigated in [10, 11, 12] , where irreducibility has been proved with no restriction on the degree, but the non-emptiness results for the case g = 0 are still not complete. We also assume that k ≥ 1.
Definitions, notations and basic facts
We refer the reader to [6] for the basic properties of coherent systems on algebraic curves. For convenience, we provide here a synopsis of the main definitions and facts which we shall need. Recall that the slope µ(E) of a vector bundle of rank n and degree d is defined by µ(E) := d n . Definition 2.1. Let (E, V ) be a coherent system of type (n, d, k). For any α ∈ R, the α-slope µ α (E, V ) is defined by
Note that, with our definition of coherent system, a subsystem possesses a corresponding quotient system only if
There exists a moduli space G(α; n, d, k) of α-stable coherent systems of type (n, d, k); necessary conditions for non-emptiness are
Definition 2.3. A critical value for coherent systems of type (n, d, k) is a value of α > 0 for which there exists a coherent system (E, V ) of type (n, d, k) and a coherent subsystem (
We also regard α = 0 as a critical value.
It is known [6, Propositions 4.2, 4.6] that, for any (n, d, k), there are finitely many critical values
, k) and we denote this moduli space by G i := G i (n, d, k). We shall be particularly concerned with the moduli spaces G 0 ("small" α) and G L ("large" α). If (E, V ) ∈ G 0 , we say also that (E, V ) is 0 + -stable (with similar definitions for α ± -stable).
We denote by M(n, d) the moduli space of stable bundles of rank n and degree d, and by B(n, d, k) the Brill-Noether locus
We have, for any coherent system (E, V ), [6, Proposition 2.5]
The moduli space G(α; n, d, k) has the property that every irreducible component has dimension greater than or equal to the Brill-Noether number
This number is the "expected dimension" of G(α; n, d, k) in a stronger sense. For this, we define, for any coherent system (E, V ), the Petri map of (E, V ) as the map
given by multiplication of sections. This map governs the infinitesimal behaviour of the moduli space in the following sense [6, Proposition 3.10]:
is smooth of dimension β(n, d, k) at the point corresponding to (E, V ) if and only if the Petri map of (E, V ) is injective.
. Definition 2.4. The coherent system (E, V ) is generated if the evaluation map V ⊗ O → E is surjective. The bundle E is generated if (E, H 0 (E)) is generated.
We shall make no explicit use of the flip loci G ± i of [6, section 6], so shall not describe them here. However we make extensive use of extensions
Here we use the notations and results of [6, section 3] . The extensions (2) are classified in the usual way by a group
, where
The main purpose of introducing the number C 21 is that frequently, although not always, H 
Note [6, Corollary 3.7] that, with the notation of (2),
Note further [6, equation (11) ] that, if N 2 is the kernel of the evaluation map
Putting (E 1 , V 1 ) = (E 2 , V 2 ) in (3) and using (1) and (4), we get
, there is no obstruction to the construction of a local deformation space for (E, V ) and this local deformation space has dimension
(see the proof of [8, Théorème 3.12] ). Note further
where N is the kernel of the evaluation map V ⊗ O → E. It follows from the evaluation sequence 0
is the kernel of the Petri map, giving the result.
We need one further important fact about the extensions (2). 
Since this is not explicitly stated in either [6] or [5] (although it is used in [5] ), we give a proof.
Proof. Suppose that (E
In the first case, α − istability of (E, V ) is not contradicted, while in the second (2) is trivial.
Coherent systems for d ≤ 2n
Our first object in this section is to obtain a necessary condition for the existence of α-stable coherent systems for d ≤ 2n; it turns out that the condition is almost identical with that for stable bundles (see [14, 15] ).
We start with the case d < 2n, when the results of [14] carry over quite easily to give a necessary condition for α-semistability. Lemma 3.1. Suppose that (E, V ) is an α-semistable coherent system for some α > 0 and that 0 < d < 2n. Then
Proof. If E is semistable, the result holds by [14, Chapitre 2, Théorème A.1].
If E is not semistable, then E has a stable quotient G with µ(G) < µ(E) < 2. Again by [14, Chapitre 2, Théorème A.1], we have
where n G and d G denote the rank and degree of G. Let W denote the image of V in
It follows that the quotient coherent system (G, W ) contradicts the α-semistability of (E, V ) for any α > 0.
This lemma has the following interesting consequence, which has relevance for coherent systems with k > n in general.
Corollary 3.2. Suppose that k > n and that there exists an
Proof. If k > n and 0 < d < 2n, then the lemma implies that d − n ≥ g(k − n). For d = 0, (E, V ) cannot be α-stable. The associated graded object must be a sum of coherent systems of types (1, 0, 1) or (1, 0, 0) and hence k ≤ n.
In order to cover the case d = 2n, we shall make use of the dual span construction, which we briefly recall. Let (F, W ) be a coherent system. Slightly modifying the notations of [6, section 5.4], we define a coherent system
where
For the canonical line bundle K, we obtain a bundle D(K) of rank g − 1 and degree 2g − 2. Taking W = H 0 (K), (10) becomes
It is known [17, Corollary 3.5 and Remark 3.
, where L is the hyperelliptic line bundle. In both cases, we obtain new α-stable coherent systems with d = 2n; to describe them, we use the following general lemma.
Proof. Let (F, W ) be a coherent subsystem of (E, V ) with 0 < rk F < n.
It follows that the image of V does not generate E/F , which contradicts the hypothesis that V generates E.
Proof. This follows immediately from the lemma and (11).
Proof. The first statement follows at once from the lemma. For the second statement, note that we have an exact sequence
, which completes the proof.
Remark 3.6. In Corollary 3.5, for any subspace W of dimension a+1 which generates L ⊕a , the isomorphism class of (L ⊕a , W ) is the same.
Lemma 3.7. Let (E, V ) be a coherent system and F a vector bundle. Suppose that F is generated and that h 0 (F * ) = 0. Then
is isomorphic to the kernel of the homomorphism
given by multiplication of sections.
Proof. We have an exact sequence of coherent systems
Taking Hom( (12), (E, V )), we get an exact sequence
Now ψ can be identified with the natural linear map
and this in turn can be identified with Ψ.
Proof. Apply Lemma 3.7 with
. We come now to the main result of this section. Although we have already proved it in the case d < 2n, for completeness we state it for the whole range d ≤ 2n.
except when d = 2n and one of the following holds:
Proof. For d < 2n, this follows at once from Lemma 3.1. So we can suppose d = 2n. If E is stable, the proposition follows from the results of [15] . If E is not semistable, the proof of Lemma 3.1 still works.
It remains to consider the case where E is strictly semistable with d = 2n. We can certainly suppose that
By Corollary 3.8 this implies that there exists a non-zero homomorphism
Suppose first that C is not hyperelliptic. Then D(K) is stable; since E is strictly semistable, the homomorphism (14) must be injective and indeed
Corollary 3.8 implies that
which contradicts the α-stability of (E,
and h 0 (L * ⊗ E) ≤ n, so Corollary 3.8 gives
By (13), we deduce that there exists an integer a, 1 ≤ a ≤ g − 1 such that
.
Hence, by Lemma 3.7, there exists a non-zero homomorphism of coherent systems
By Corollary 3.5, this contradicts the α-stability of (E, V ) unless
where W is any subspace of H 0 (L ⊕a ) of dimension a + 1 which generates L ⊕a .
Irreducibility of the moduli space for d ≤ 2n
In this section we prove that the moduli space G(α; n, d, k) is irreducible for 0 < d ≤ 2n. We start with two lemmas.
Lemma 4.1. Suppose that (E, V ) is a coherent system of type (n, d, k) and consider the exact sequence
where 
is a torsion sheaf and F is a vector bundle. Suppose further that
Tensor this exact sequence with E to obtain the surjectivity of the map
This map is dual to the Petri map at (E, V ), which is therefore injective.
Proof. We have
and (E, V ) are both α-semistable, this implies that
Now let (E, V ) be a coherent system and let E ′ be the (subsheaf) image of the evaluation map V ⊗ O → E. If h 0 (E ′ * ) = 0, there exists a non-zero homomorphism E ′ → O. Since V ⊗ O → E ′ is surjective, this induces a non-zero homomorphism V ⊗ O → O, which necessarily splits; so E ′ admits O as a direct summand. It follows by induction that we can write
We have a diagram (extending the sequence (15))
, we can interpret (17) as an exact sequence of coherent systems (18) 0
Proof. By Lemmas 4.1(a) and 4.2, h 1 (D) = 0. Hence, from the cohomology sequence associated to the top row of (17), h 1 (D ⊗ E 1 ) = 0; thus, by (7) and Serre duality,
It follows by (8) that the local deformation space of (E 1 , V 1 ) has dimension
On the other hand, the Petri map of (E 2 , V 2 ) is clearly injective, so by (8) and Proposition 2.5, the local deformation space of (E 2 , V 2 ) has dimension
We need to consider only those extensions (18) for which (E, V ) is α-stable for some α. For fixed (E 1 , V 1 ), (E 2 , V 2 ), the group
acts freely on these extensions. Hence, in (18) , (E, V ) depends on at most
parameters. Now, by (3), we have
. 
where N 2 is the kernel of the evaluation map V 2 ⊗ O → E 2 , which is clearly 0. So (19) becomes
So, to prove that the number given by (20) is less than β(n, d, k), it is enough by (6) to prove that C 12 ≥ 1. Now, by (5),
We can now check that the third term in (21) is positive and the other two are nonnegative.
• Since h 0 (G * ) = 0 and G = 0, we have k 1 > n 1 and d 1 > 0; also k 2 ≤ n 2 , hence
. Now α-stability of (E, V ) implies that
• Since Lemma 4.2 applies to (E, V ), it follows from (18) that
Since E 1 /G is a torsion sheaf, E * 1 is a subsheaf of G * . Hence h 0 (E * 1 ) = 0 and it follows from Corollary 3.8 that
This completes the proof of the lemma.
it is irreducible, and
(a) if k < n, the generic element of G(α; n, d, k) has the form
where F is a vector bundle with h 0 (F * ) = 0; (b) if k = n, the generic element of G(α; n, d, k) has the form
(n, 2n, n + 1) with n < g − 1.
Proof. For the fact that h 0 (E * ) = 0, see [5, Lemma 2.9].
Let Z be a component of G(α; n, d, k). Note that dim Z ≥ β(n, d, k). 
Moreover (25) splits into two sequences
where E ′ is a vector bundle and T is a torsion sheaf.
We shall prove that Z ′ is irreducible and that G(α; n, d, k) \ Z ′ is of dimension < β(n, d, k). Since every component of G(α; n, d, k) has dimension ≥ β(n, d, k), this will complete the proof.
. Dualising this sequence, we get
where h 0 (D * ) = 0 from (26) and h 1 (D) = 0 by Lemmas 4.1(a) and 4.2. The bundles D of rank k − n and degree d for which h 1 (D) = h 0 (D * ) = 0 form a bounded set of bundles and are therefore parametrised (not necessarily injectively) by a variety X which is irreducible (or empty) (this follows from [1, Theorem 2], which is essentially due to Serre; see also [16, Proposition 2.6]). Let D be the corresponding flat family over X × C and π X : X × C → X the projection. Since H 1 (D) = 0 for all D in this family, (π X ) * D is a vector bundle over X whose fibre over any point of X corresponding to D is isomorphic to H 0 (D). Now consider the Grassmannian bundle of subspaces V * of dimension k of the fibres of (π X ) * D and the open subset Y of the total space G of this bundle consisting of those V * for which (D, V * ) is generated. We have then an exact sequence on 
Taking account of the action of GL(V ) and (27), we see that the dimension of
This completes the proof. Finally, suppose that k > n +
consists of a single point (E, V ) by Proposition 3.10 and we have an exact sequence (24) with D a line bundle. In the non-hyperelliptic case, D = K and E is a stable bundle of positive degree, so h 1 (D⊗E) = 0. In the hyperelliptic case, D = L a and E ∼ = L ⊕a for some a ≤ g−1, where L is the hyperelliptic line bundle. Under our hypotheses, this means that
and again h 1 (D ⊗ E) = 0. It follows from (24) that the Petri map of (E, V ) is injective; hence G L (g − 1, 2g − 2, g) is smooth.
Remark 4.6. If C is hyperelliptic and (n, d, k) = (n, 2n, n + 1), n < g − 1, the Petri map cannot be injective for dimensional reasons. In this case β(n, 2n, n + 1) < 0 and G L (n, 2n, n + 1) consists of the single point D(L n , H 0 (L n )), but we do not know whether or not it is reduced.
, so [6, Conditions 11.3] are satisfied and the result follows from [6, Theorem 11.4] . If g = 2 and k > d − n, the same argument works. If g = 2 and k ≤ d − n, Riemann-Roch implies that B(n, d, k) = M(n, d) and is therefore irreducible.
Remark 4.8. Corollary 4.7 is an improvement on results obtained in [14] and [5] .
Non-emptiness
We turn now to the question of non-emptiness of the moduli spaces. We begin by defining
Note that U(n, d, k) can be defined alternatively as
However it is not generally true that
Our object in this section is to determine when these sets are non-empty.
We begin with a lemma. [4, 14, 15] , the only possibilities for E ∈ B(n, d, k) are as follows:
The result follows from Corollary 3.4. (29) has E stable as well as (E, V ) ∈ G 0 (n, d, k). Furthermore D has rank k − n and its degree d satisfies
. Now any stable bundle D of this rank and degree is generated by its sections and
We can therefore choose a subspace V * of H 0 (D) of dimension k which generates D, giving rise to a sequence (29) for which h 0 (E * ) = h 0 (D * ) = 0, h 1 (D) = 0 and D is stable. Hence the generic extension (29) also has D stable.
Finally, let us see that, for a generic extension (29)
Since deg
We have a corresponding result for U s (n, d, k).
, then E is semistable and Proposition 3.10 implies that (E, V ) is generated and k = n + 1. The result follows from Lemma 3.3. If n < k ≤ n + We are now ready to prove our main results on non-emptiness. We will state the result separately for non-hyperelliptic and hyperelliptic curves and begin with a proposition which applies in both cases. 
For k > n, the stated conditions are precisely those for which B(n, d, k) = ∅ [4, 14, 15] and the result follows from Lemma 5.1. 
Proof. The first part is just Proposition 5.3. The last part follows from Proposition 3.10, except for the fact that G(α; n, n, n) = ∅ for all α > 0, for which see [6, Remark 5.7] .
Theorem 5.5. Suppose that C is hyperelliptic, n ≥ 2 and 0 < d ≤ 2n. Then (a) U(n, d, k) = ∅ if and only if either
We already have enough information to prove this except for showing that U s (n, 2n, k) = ∅ when n < k ≤ n + n g . This will be done in the next section.
Remark 5.6. The case n = 1 has been explicitly excluded from these statements as the results need modification. In this case the α-stability condition is redundant and the triples for which 0 < d ≤ 2 and U(1, d, k) = ∅ are (1, 1, 1), (1, 2, 1) and, for C hyperelliptic, (1, 2, 2).
Proof of Theorem 5.5
In this section we suppose that C is hyperelliptic and L is the hyperelliptic line bundle. We assume that n ≥ 2 and investigate by a sequence of propositions the case
Then E is generated and we can choose a subspace V of H 0 (E) of dimension n + 1 such that (E, V ) is generated. The result follows from Lemma 3.3.
Remark 6.2. Proposition 6.1 applies even when n + 1 > n + n g , in which case it has already been proved in Corollary 3.5. Now suppose that k ≥ n + 2 and write k = n + r, so that (30) becomes
Proof. We consider extensions
where (E 1 , V 1 ) has type
and (E 2 , V 2 ) has type (1, 3, 1). Certainly (E 2 , V 2 ) ∈ U (1, 3, 1) . On the other hand d 1 < 2n 1 and (32)
So, by Proposition 5.3, we can choose (
To show that there exist non-trivial extensions (31), it is sufficient to prove that C 21 > 0. In fact, by (4),
Now consider the extension of bundles
underlying (31) and suppose first that this extension is non-trivial. If F is a subbundle of E which contradicts semistability, then certainly F ⊂ E 1 . Moreover, if F → E 2 is not surjective, then we have an extension
It follows that, to contradict semistability of E, we must have
So E is semistable.
To complete the proof in this case, it is sufficient by Complement 5.2 to show that (E, V ) ∈ U 0 (n, 2n, n + r). If this is not the case, there exists a proper coherent subsystem (F, W ) of type (n F , d F , k F ) of (E, V ) with d F = 2n F and
. But in this case (E, V ) cannot be α-stable for any α > 0, contradicting the fact that (E, V ) is α − c -stable.
It remains to prove that there exist extensions (31) such that (34) does not split. Now, by [8, Corollaire 1.6 ] (see also [6, equation (7)]), we have an exact sequence
It is therefore sufficient to prove that
By [14, Chapitre 2, Théorème A.1], we have
Remark 6.4. It is perhaps of interest to note that the coherent systems (E, V ) constructed in this proof are not themselves in U s (n, 2n, n + r). We need to use Complement 5.2 to prove the proposition. Moreover the hypothesis r ≤ . In other words, we have two cases n = gr + 1, r ≥ 2 and n = gr, r ≥ 2.
Proposition 6.5. Suppose C is hyperelliptic and r ≥ 2. Then U s (gr + 1, 2gr + 2, gr + r + 1) = ∅.
) and
which is non-empty by Propositions 6.1 and 6.3. By Theorem 4.4(c), we can suppose further that (E 1 , V 1 ) is generated. Note also that (E 2 , V 2 ) is generated and has the form (L ⊕(g−1) , V 2 ) with dim V 2 = g, and belongs to U s (g − 1, 2g − 2, g) by Corollary 3.5.
We show first that there exists a non-trivial extension (35). In fact, by (4),
From now on we suppose that (35) is non-trivial. Let (E ′ , V ′ ) be a coherent subsystem of (E, V ) of type (n ′ , d ′ , n ′ + r ′ ) which contradicts 0 + -stability. Then certainly E ′ is semistable of slope 2, so d ′ = 2n ′ , and
From (35), we have an extension
, in which case it would split the sequence (35). Since (E 1 , V 1 ) is 0 + -stable, we have
this, together with (38), contradicts (36). Hence (37) becomes
from which it follows that
A simple calculation shows that equations (36) and (38) can be written as
By equation (41), this is only possible when
is a coherent subsystem of (E 1 , V 1 ). We must have V
, otherwise we could replace V ′ 1 by a subspace of H 0 (E ′ 1 ) of greater dimension, which would contradict (41). Thus we have an extension
We now count parameters to show that the (E 1 , V 1 ) occurring in an extension (43) are not generic.
We begin with two lemmas. V 1 ) for large α, this implies r
which is evidently false. On the other hand, if (E
i. e.
(44) n
By α-stability of (E 1 , V 1 ), we have also 
Proof. Since (E 1 , V 1 ) is generated, so is (F, W ). Now suppose that φ :
is α-stable for α > 0, and F is semistable of slope 2, the image of φ is a coherent subsystem (
The pullback of (
Since n ′ 1 = r ′ 1 g + 1 by (42), this is equivalent to
This contradicts (46).
For our parameter count, we now establish three claims. 
). Now H 0 21 = 0 since otherwise (43) would give a contradiction to the α-stability of (E 1 , V 1 ). On the other hand, by (7) and Serre duality,
, where N 2 is defined by an exact sequence
(Note that (F, W ) is generated by Lemma 6.7.) By Lemmas 6.7 and 4.1(a), we have h 1 (N * 2 ) = 0. By Lemma 6.6, we have an exact sequence
2 ) = 0. Finally, since we are assuming (E 1 , V 1 ) is α-stable for some α, the action of Aut(F, W ) on the extensions (43) is free. The result follows.
Proof. Since (E 
Proof. By Lemmas 6.7 and 4.1(b), the Petri map of (F, W ) is injective and so, by Proposition 2. Proof. The proof is similar to that of Proposition 6.5; we outline below the necessary changes.
We consider sequences (35), where (E 2 , V 2 ) ∼ = D(K, H 0 (K)) as before, and now (E 1 , V 1 ) ∈ U s (g(r − 1) + 1, 2g(r − 1) + 2, g(r − 1) + r).
This space is non-empty by Propositions 6.1 and 6.5. We have The proofs of Lemmas 6.6 and 6.7 are the same as before, replacing g(r − 1) + 2 by g(r − 1) + 1 with consequential changes which don't affect the argument. The only remaining thing to be checked is that C 7. An example with d > 2n
We have seen that, when d < 2n and k > n and α-stable coherent systems exist for some α (i. e. when (9) holds), then there exist coherent systems (E, V ) such that E is stable and (E, V ) is α-stable for all α > 0. The same applies when d = 2n if C is not hyperelliptic. If C is hyperelliptic of genus g ≥ 3 and a ≥ 2, the coherent systems (L ⊕a , W ) of type (a, 2a, a + 1) are α-stable for all α by Corollary 3.5, but L ⊕a is only semistable. Moreover, when d ≤ 2n, there is no case in which there exist semistable bundles but α-stable coherent systems do not exist for large α. The object of this section is to construct such examples, necessarily with d > 2n.
Lemma 7.1. Suppose (E, V ) is a coherent system of type (n, d, k) with h 0 (E * ) = 0 and
Then (E, V ) is not α-semistable for large α.
Proof. Suppose (47) is satisfied. By Corollary 3.8, there exists a non-zero homomorphism D(K, H 0 (K)) −→ (E, V ).
By Corollaries 3.4 and 3.5, D(K, H 0 (K)) is α-stable for all α > 0. Moreover
for sufficiently large α by (47). This contradicts the α-semistability of (E, V ) for large α. 
